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Free Vibration Behavior of Spinning Shear-Deformable Plates
Composed of Composite Materials

R. Bhumbla,* J. B. Kosmatka,} and J. N. Reddy{
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

A first-order shear-deformation plate theory is used to predict the free vibration frequencies and mode shapes
in spinning laminated composite plates. The theory accounts for geometric nonlinearity in the form of the von
Karmain strains and the effects of rotatory inertia. The plate is permitted to have an arbitrary orientation offset
from the axis of rotation. A finite element model is developed to obtain numerical solutions to this class of
problems. The model is validated by comparing the results for isotropic plates with those available in literature.
The natural frequencies and mode shapes of isotropic and laminated composite plates as functions of angular
velocity, pitch angle, and sweep angle are presented. Though the expected increase in frequency with angular
velocity is observed for most modes, it is seen that there is a decrease in the free vibration frequency with angular

velocity for torsional modes of swept and pitched plates.

Introduction

N recent years, there has been a renewed interest in the

design of aircraft turbopropellers that have much higher
fuel efficiency than present aircraft engines.! This is because
of the availability of composite materials that have high
strength-to-weight ratios. The composite blades can be manu-
factured in a mold, therefore, it is possible to produce com-
plex geometries that result in quiet, efficient propellers. Also
the properties of the laminated composites can be varied by
changing their layup. Thus, the composite blades can be de-
signed to have a predetermined static and dynamic behavior.

Earlier studies of vibrations in spinning blades considered
beam-type models for their analyses as these studies were
carried out for helicopter blades. The dynamic behavior of
turbopropellers has been studied by Kosmatka and Fried-
mann,>} Subrahmanyam and Kaza,* Mehmed et al.,> and
Maser et al.®

Since low-aspect ratio blades tend to behave like plates
rather than beams, it is expected that a plate model will
provide better results for propellers with high width-to-length
ratios. Dokainish and Rawtani,” Ramamurti and Kielb,8
Wang et al.,’ and Shaw et al.!® have studied vibrations in
rotating plates. Only Refs. 8 and 9 have studied behavior of
laminated composite plates, but they have neglected the Cori-
olis effects.

Gupta,!! Meirovitch,'? and Bauchau'? have developed al-
gorithms to solve the eigenvalue problem associated with the
free vibration of spinning structures. Bauchau found that the
stiffness matrix for the problem was composed of three com-
ponents: the linear stiffness matrix, the nonlinear stiffness
matrix due to spin-induced loads, and the centrifugal stiffness
matrix. The nonlinear and the centrifugal stiffnesses vanish
when the plate is not spinning. Besides this, there is a gyro-
scopic matrix due to the Coriolis acceleration. The stiffness
and mass matrices for this problem are symmetric, whereas
the gyroscopic matrix is skew-symmetric.
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The objective of the present paper is to study the free
vibration behavior of spinning plates while considering trans-
verse shear deformation and rotatory inertia. A displacement
finite element model based on the first-order shear deforma-
tion plate theory is developed to obtain numerical solutions of
the governing equations for a spinning plate. Some features of
the model are the following:

1) The plate is permitted to have fixed translational and
rotational offsets from the axis of rotation (Fig. 1).

2) The laminated composite plate is permitted to have plies
with arbitrary orientation, and each ply is permitted to have
different orthotropic material properties.

3) Aerodynamic loads on the plate have not been consid-
ered; therefore, the plate modeled is physically equivalent to
one rotating in a vacuum. (In future studies, aerodynamic
loads can be brought into consideration by making minor
alterations to the present development.)

4) A first-order, nonlinear theory of plates with transverse
shear deformation has been used for the analysis. This theory
incorporates geometrical nonlinearity in the form of von Kar-
man strains (see Refs. 14-16).

In the first-order shear deformation plate theory,!” the dis-
placements are assumed to vary linearly through the thickness.
The transverse shear strains and, hence, the transverse shear
stresses are constant through the thickness. Actually, the
transverse shear stresses are observed to vary parabolically
through the thickness and are zero at the plate surfaces. Reiss-
ner'® and Mindlin'® have attempted to correct this shortcom-
ing by multiplying the transverse shear forces by a constant,
the shear correction factor, to make the strain energy of the
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Fig. 1 Rotational and translational offsets of plate coordinate axes
from the inertial axes.
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plate closer to that obtained using a parabolic stress distribu-
tion. The value of shear correction factor given by Reissner,
5/6, is used in this study.

Theoretical Development

According to the first-order shear-deformation theory, the
in-plane displacements are assumed to vary linearly through
the thickness, i.e., displacements are functions of first-order
powers of the thickness coordinate z. Thus, the displacement
field for a first-order shear deformation theory can be ex-
pressed as'417

u(x,y,z,t) = up6,»,t) + 2y, (X, 3,1) (la)
v,y,2,t) = vol,y, 1) + 24, (0, 1) (1b)
W(x;)’,z:t) = WO(ny:t) (lC)

where ug, vy, and wy are the displacements at the midplane and
¥y and y, are the rotations about y and — x axes, respectively.
Note that w is assumed to be constant through the thickness,
implying that the transverse normal strain is zero.

Using the von Karmén theory of plates (which assumes the
derivatives of in-plane displacements are much smaller than
the corresponding out-of-plane terms and, thus, neglects
products and squares of derivatives of in-plane displacements)
and the displacement field [Eqgs. (1)], the following strain-dis-
placement relations can be derived (see Refs. 14-16):

S Rl (2a)
e Y, <aw0>2
=4z 24l 2b
© ay " Cay T "\ 26)
. =0 (20)
duy vy <a¢x a¢y> 3wy 3w,
w =——t+t—+zl— =+ 2d
Yry dy  dx z dy  Ox ax dy 2d)
aWO
Yyz = ‘py + "5; (Ze)
Iw,
Yo =¥x+ a—° @
X

For a plate composed of orthotropic plies with an arbitrary
orientation, using the first-order shear-deformation plate the-
ory assumption of negligible transverse normal stress, the
constitutive relations for each ply are obtained in global coor-
dinates to be!”-20

o, | (m) Qn Q2 Q6 O 0 |(m) €x

gy _ Ql 2 sz st 0 0 & 3)
Txy Qi Ox Qe 0 0 Yy

Tyz 0 0 0 Qu Qs Yyz

Tx: 0 0 0 Qi Qs Yz

where (m) denotes the mth ply in the laminated plate and ij’”
are the plane stress-reduced stiffness coefficients for the lami-
nae.

The stress resultants are given by

(m)
N\‘ n Yimoe Ox
N, ¢= X o, dz “)
N\:v =1t Tey
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Fig. 2 Force and moment resultants.

where z,, is the distance of the bottom of the mth ply from the
midplane of the plate and » is the number of plies in the
laminate.

Similarly, the moment and the shear force resultants are
given by

(m)
MX n wn +1\ Ox
M, =Y oy zdz
Mxy m=1 v %m Txy

()
Q n wm+t(r 2
-ELS e o

m=1Yim

The positive directions of the force and moment resultants are
shown in Fig. 2.

Substituting the strain-displacement relations [Egs. (2)] and
the constitutive relations [Eq. (3)] into the previous equations
for the stress resultants, the following expressions are ob-
tained:

e I r I N
N, Ay Ay A By B B0 0
N, A Ay A By By B 0 0 (€0 + [N
Nyy Ao Az Aes Bis Bas Bs 0 0

J M, L= B\, B;; B¢ DD D0 0 ) 4
M, B> By By D3 Dy Dy 0 0O (K}
M,, Bie By Bss Dig Dag Des 0 O
o, 0 0 0 0 0 0 Ay Ag
QO 0 0 0 0 0 0 A Ass| |[(vY

L J L 4 J

(6)
where [¢")7 = [€], €}, v}, 7 are the linear midplane strains given
by

o o 0 9% o _Oup 9o

= 7a
= ax & ay’ Yoy 9y  dx (72)

(7= (N ), y0 |7 are the nonlinear midplane strains,

2 2
o ,/2<aaw()> RV l/z<aa_‘j)°> L Ja%%‘% (7b)
_ ) © .
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(k)T = [ky, Ky, Kyy}7 are the midplane curvatures,

Yy oy N, oY
KX:;.;’ Ky=—a}—j}, ny=a—y +—(_9}X (7¢)
and (Y%7 = {v,,y%]7 are the shearing strains,
aWO awg
'Ygz = \by + —57 'sz = ’QI/X + a—x (7d)

Also, the laminate stiffness coefficients are defined as

n m +1
(Aij’ Bij’ Dij) = E
m=1

/-1,']' = kZA,'j,

0 (1,2,2%) dz

< Ly
iLj =45

here, k2 is the shear correction factor (taken to be 5/6).

The equations of motion for the spinning plate are derived
via Hamilton’s principle where the variation in the time inte-
gral of the Lagrangian function is set to zero:

6§ U-T-Ww,)dr=0 8)

N

where U is the plate strain energy, 7 is the plate kinetic energy,
and W, the plate external work.

The strain energy for an elastic system having plane normal
stress is given by

O

hs2
(oy€6x +ay€,

U=‘/zg
Ja

J—=hp

+ Ty Yo + TyrVyz + TxVxz) dz d4 )
The variation in the strain energy éU is determined by substi-
tuting Eqgs. (4-7) into Eq. (9) and taking the variation with
respect to the unknowns uo, vo, Wo, ¥y, and y,:

' AN, any> <3Ny N,
= - 5 —2 T s
ov .‘A {< dx i ay ot ay * ax Yo

a0«

ox ax 9y ox
]
W8 (N Mo, N 9&) Qy]a "
ay T ay ax ay
oM, oM,
+ <-— + a___x_y - Qx>6\bx
ax ay
aM, oM,
+ <——y +—= QV>6¢v§ dA (10)
dy ax ’ :
The total kinetic energy of a plate can be expressed as
! *hy
T=Y pV.-VdzdA (1)
JA J—hy

where p is the mass density of the plate and V the velocity
vector of an arbitrary point on the plate with respect to the
inertial reference frame (7,/,k). It is assumed that the plate
rotates about the inertial coordinate system (/,/,k), with an
angular velocity Q about the £ axis:

dr
V=—+Qk x 12
dr g (12
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where r is the position vector from the origin of the inertial
reference frame to a point on the deformed plate

™
)
=

r=Mh k) S t(xru,y+v,zHw)le 13)
k e,

where (h;h;,hy) are fixed translational offsets of the plate
coordinate axes €. ey, e;) from the inertial axes (/, , £), as
shown in Fig. 1, (x,y,z) are the coordinates of the point in the
plate coordinate system (the plate element being in e, —e,
plane, z = 0 for each element), and (u,v,w) are the elastic
deflections of a point on the plate.

Substituting the displacement definitions [Eqs. (1)] into the
position vector [Eq. (13)] and transforming to the local coor-
dinate axes (e, €,, €;),

ey
r=(Re+x+ U+ 2%, by + Y + Vot 2¥y, b+ wo)< e, H(14)

e
where (hx,hy,hz) = (hyh, ) TG, and [T, ¢] is the transfor-
mation matrix between the two sets of axes obtained by rota-
tions through the Euler angles 8;, 8;, B¢ about the axes 07,
and £, respectively. The order of rotations is 8, 8;, and §;.

Similarly, QK can be written in the plate coordinate system
as

Qk =0, + Qe, + Qe (15)
where

(@,2,,92,) = (0,0,D[T,61"
The velocity vector ¥ of Eq. (12) is calculated using Eqgs. (14)
and (15):

V= [+ 29x) + Qb + wo) — Dy + y + vo + 29,)]ex

+ (o + 28,) + Quhe + x + up + 29,) — Qe(h, + wo)le,

+ [Wo+ Qulhy +y +vo+2¥,) — Qy(he + X + 1g

+2y)le; (16)

Using Egs. (11) and (16), the kinetic energy variation can be
obtained as

)

8T = (Zuo Sug + ZVO v + ZWO dwy
JA

+ Zyy 0%y + ZY, BY,) dA 1))

where Zug, Zvy, ZWo, Zyr, Zy, are obtained in Ref. [21] and
defined in Appendix A.

The governing equations are obtained by substituting Egs.
(10) and (17) into Eq. (8), where the work due to external
forces W, has been neglected:

AN, ON,, .
Suy, — +—= 4+ Zuy=0 18a
U I 3 0 (18a)
N, 0N, .
vy = +—L 4+ Zvy=0 (18b)
ay dx

s (NI LN ?1)
Qe 6x AY ax XY ay

+ ay ay ax
+a—Q"'+a—Q"+Zw(,=0 (18¢)
ay ax
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oM, oM

B\Lx: +_£_QX—Z¢X:0 (18d)
dax dy
oM, M, -

8y, —é;y+—£c—y-—Qy—z¢y=0 (18¢)

Finite Element Model

In the present analysis, the displacement finite element
model based on the total Lagrangian functional (8) is formu-
lated (see Refs. 16 and 17). The displacements ug, vg, W, ¥y,
and ¢, are interpolated using expressions of the form:

He He
Ug = qu'ld)j, Vo = qu'z%,

j=1 Jj=1

ne Ne
Wo = EQJ3¢j! ‘I/X = qu4¢j9

Jj=1 Jj=1

ne
Yy = 470 19
J=1
where ¢; are the Lagrange interpolation functions associated
with the rectangular plate elements, g; are the nodal values of
ug, Vo, Wo, ¥x, and y,, respectively, at the jth node of the
element, and #, is the number of nodes in each element.
Substituting these interpolations into Eq. (18), the following
nonlinear equations of motion are obtained

Mg} + [Cg} + (KT + [K
+ [KN(@)Dlg) = (F (20)

where [M] is the mass matrix, [C] the gyroscopic matrix, [K%]
the geometrically linear stiffness matrix, [KNY] the geometri-
cally nonlinear stiffness matrix, and [K ] and {F*] the stiff-
ness matrix and the force vector, respectively, due to the
centrifugal terms. The [M], [K1], [KF] are symmetric ma-
trices and [C] is a skew-symmetric matrix. The details of the
formulation of [K<F], [C], and [FF] are presented in Ap-
pendix B. The shear stiffness coefficients are evaluated using
reduced integration to avoid numerical locking (see Ref. 17).
The nonlinear stiffness matrix [K™] increases the plate stiff-
ness as a result of centrifugal loading, whereas the centrifugal
stiffness matrix [K 7] reduces the plate stiffness in the rota-
tional plane of the spinning plate (centrifugal softening).
Thus, the increases in the natural frequencies of the spinning
plate are more pronounced for vibrations out of the rotational
plane (flapping motion) than in the rotational plane (lead-lag
motion).

The equations of motion are solved in two parts: the deter-
mination of the static shape and the vibrations about this
nonlinear static position.

Fig. 3 Plate geometry, spin axis, and plate rotations.
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Fig. 4 Comparison of natural frequencies using current approach
and Ref. 10.

Static Analysis

For the static analysis, the time-dependent terms are ne-
glected in Eq. (20), and the following form is obtained

Kt + K+ KNHg)igs) = (FH @n

where {g,} is the static component of the deflections. The
Newton-Raphson method is used to solve the above algebraic
form of the nonlinear differential equations.

Dynamic Analysis

For the dynamic analysis, both the static and the time-de-
pendent components of Eq. (20) are considered, where the
displacement vector {g} can be expressed as the sum of a static
and a dynamic term. Thus,

lg} = lg} + [8(1)}

where {g;} is the nonlinear static equilibrium solution as a
result of the centrifugal load, and {8} is a small linear time-de-
pendent perturbation about the static displaced position.

The equations of motion can be written in terms of the static
and dynamic terms as

[M1(6] + [C1{8) + [K"- + KT + KNH(g, + 9)]{gs + 8] = [F
(22)
On substituting the first-order Taylor series expansion of
[KNi(g, + 8)] about {q,}, and Eq. (21) into Eq. (20), and

neglecting products of the perturbation quantities (i.e.,
6+ 6 = 0) the following equations of motion are obtained

M1} + [C1(8] + [KT1(8} = {0} (23)
where [K7] is the tangent stiffness matrix evaluated at the

nonlinear static equilibrium position at the plate and defined
as

. a
(KT =K'+ [KT) + % (IKNUOND [ 4=, 24



1966 BHUMBLA, KOSMATKA, AND REDDY

Equation (23) is the standard form of the equations of
motion of undamped free vibrations of spinning structures, as
the [C] matrix previously obtained represents the gyroscopic
(Coriolis) effects rather than the damping terms. The previous
equations of motion can be rewritten in first-order form:

[Alls] - [BI(s} = (0}

where

[M] [0} [0] M]
= Bl =
A1 [ [0] [KT]]’ (5] [ -] - [C]]

9
o= i) =

Here, [A] is symmetric and [B] is antisymmetric. Taking the
solution to be of the form s = ce™ (where c is an arbitrary
constant), Eq. (25) can be rewritten as

and

[B]~'[Alfs) = NI]s} (26)

Thus, the eigenvalues of [B]~![4] are also the eigenvalues
of the problem under consideration. Equation (26) represents
a first-order eigenvalue problem. It has complex eigenvalues,
with the real part denoting exponential growth or decay (de-
pending on sign) and the imaginary part being the harmonic
component. However, because the present study does not
consider damping or aerodynamic loads, the eigenvalues are
purely imaginary; the imaginary part is the free vibration
frequency of the plate.

Numerical Results and Discussion

The numerical results were obtained on an IBM 3090 com-
puter using a 4 X 4 finite element mesh of linear Lagrangian
rectangular finite elements described in Ref. 22. Natural fre-
quencies and mode shapes as functions of angular velocity,
pitch angle (3)), and sweep angle (8;) have been tabulated for
spinning cantilever plates composed of isotropic and lami-
nated composite materials. The plate analyzed has the geome-
try shown in Fig. 3, where a, b, and & represent the length,
width, and overall thickness of the plate, respectively. The
plate has clamped boundary conditions along one edge
(x = 0), which is imposed by restraining the in-plane u;,v, and
transverse w, displacements and the rotation normal to the
clamped edge .. The spin axis is taken to be at the center of
the clamped edge and the angular velocity of the plate Q is
constant.

Verification Studies

The natural frequencies of the spinning isotropic plate were
calculated and compared to the linear analytical predictions of
Ref. 10. The nonlinearities of the current approach were sup-
pressed for this particular study in order to provide a meaning-
ful comparison. The plate is square with a side-to-thickness
ratio of 10 (thick plate) and material properties given by
E =70.0 GPa, »=.30, and p = 3.0 x 10° Kg/m'. In addi-
tion, the spin axis is defined as perpendicular to the plane of
the plate so that both the pitch 8; and sweep §; angles are equal
to zero.

The first five natural frequencies of the spinning plate as a
function of angular (spin) velocity are presented in Fig. 4. For
the verification study, the angular velocity Q has been nondi-
mensionalized to the first natural frequency of the nonrotating
plate and the plate natural frequency w is nondimensionalized
using the relation &' = wa™pp/D, where D = Eh’/
12(1 — »?). The labels 1B and 2B represent the first and second
out-of-plane bending modes (flapping motion), 1T and 2T are
the first and second torsion modes, and 1L is the first in-plane
bending mode (lead-lag motion). The current results are in
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excellent agreement with Ref. 10 for the fundamental out-of-
plane bending (1B) and torsion (1T) modes. They are measur-
ably lower than the results of Ref. 10 for the next three modes
(2B, 1L, 2T). This discrepancy occurs because the current
model is developed using a shear deformation theory, whereas
the model of Ref. 10 is based on classical plate theory (Kirch-
hoff assumptions) that neglects the effect of shear deforma-
tion. Thus, the current mode predicts more accurately the
stiffness of this thick plate, whereas the model of Ref. 10
overpredicts the stiffness and natural frequencies.
Additional numerical results that validate the nonlinear
static and linear dynamic behavior of the current plate model

30
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Fig. 5 Variation of frequency with angular velocity of isotropic and
laminated composite plates (pitch angle =0 deg, sweep angle =0 deg).
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Fig. 6 Variation of frequency with angular velocity of isotropic and
laminated composite plates (pitch angle=22.5 deg, sweep angle=0
deg).
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are presented in Ref. 21. Numerical results are presented in
Ref. 21 to show complete agreement between this study and
Ref. 10 for thin isotropic plates (side-to-thickness ratio > 20),
where the effects associated with shear deformation are negli-
gible.

Current Studies

The free vibration behavior of a spinning isotropic plate as
a function of angular velocity for various pitch angle 8, and
sweep angle §; settings has been studied. The thin rectangular
plate has a length (a) of 228.6 mm, a width (b) of 76.2 mm,
and a thickness (/) of 2.4 mm. The material properties of the
pl;ate are £ = 68.95 GPa, »=0.33, and p = 2.713 x 10° Kg/
m’.

The first four vibration frequencies as a function of angular
velocity for an unpitched (3; = 0.0 deg) and unswept (3; = 0.0
deg) spinning plates are presented in Fig. 5, where the vibra-
tion frequencies are nondimensionalized to the fundamental
free vibration frequency of the nonrotating plate (@ = w/wng).
The fundamental free vibration frequency for the nonrotating
plate are the following: isotropic plate = 242.47, [[0/ = 22.5/
01,1 laminated composite plate = 396.07, and [[0/ x 45/0],];
laminated composite plate = 341.25. Clearly, the centrifugal
force distribution for this setting affects the out-of-plane
bending natural frequencies more than the torsion natural
frequencies. In Fig. 6, the natural frequencies are presented
for a spinning plate with a finite pitch setting (8; =22.5 deg).
The variation in the natural frequencies as a function of
angular velocity is nearly identical to the unpitched plate for
the first bending and torsion modes of the plate (Fig. 5). Thus,
the introduction of pitch setting has little effect on straight flat
plates for the lower modes. However, a decrease in frequency
is observed for the second torsion mode (2T) for the plate with
pitch. This decrease is observed only at low angular velocities
after which the centrifugal effects become apparent and the
expected increase in frequency with angular velocity is seen.

Introducing a finite sweep angle (8; =22.5 deg) has a pro-
nounced effect on the free vibration characteristics of un-
pitched (Fig. 7) and pitched (Fig. 8) spinning plates. The first
three natural frequencies experience a monotonic increase that
is much less dramatic than the increase found in unswept
plates (see Figs. 5 and 6). In addition, the natural frequency

——3—— ISOTROPIC

- -~ ----COMPOSITE [[0/+22.5/0]s]s

COMPOSITE  [[0/£45/0]5)¢

NON-DIMENSIONALIZED FREQUENCY (W)

0 1000 2000 3000 4000

ANGULAR VELOCITY (rpm)

Fig. 7 Variation of frequency with angular velocity of isotropic and
laminated composite plates (pitch angle =0 deg, sweep angle =0 deg).
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Fig. 8 Variation of frequency with angular velocity of isotropic and
laminated composite plates (pitch angle = 22.5 deg, sweep angle =22.5
deg).

associated with the second torsion mode undergoes a signifi-
cant reduction with increasing angular velocity. These charac-
teristics occur because the centrifugal force distribution acting
on the plate has components parallel and normal to its sur-
face. The parallel (in-plane) components directly increase the
plate stiffness, whereas the normal (out-of-plane) components
produce plate bending that alters the deformed plate shape
(nonlinear static equilibrium position) and the plate stiffness.

The first four mode shapes of the nonrotating plate along
with similar mode shapes for a spinning plate (Q = 4000 rpm)
at three different pitch and sweep settings are presented in Fig.
9. The solid line on the plate platform represents a nodal line
(line of zero motion) and the dashed line defines the outline of
the in-plane mode shape. Modes 1 and 3 are the first (1B) and
second (2B) out-of-plane bending modes of the plate, where
the nodal lines are defined at the blade root for the 1B mode
and at the blade root and near the three-quarter span for the
2B mode. Modes 2 and 4 are the first (1T) and second (2T)
torsion modes, where the nodal line runs along the plate
centerline for the 1T mode and has a t-type pattern for the 2T
mode. The introduction of plate sweep 8; produces coupling
between the flexural and in-plane motions of the plate that is
more apparent in the torsion modes than in the bending
modes.

The free vibration characteristics of two different spinning
laminated composite plates were also investigated. The
graphite/epoxy plates have different ply layups, [[0/ £22.5/
01,1, vs [[0/ £45/0]],, but their built-up external geometries
(16 plies) are identical to the isotropic plate (¢ =228.6 mm,
b =76.2 mm, A =2.4 mm). This was done to provide a direct
comparison with the isotropic plate results. The orthotropic
material properties of a graphite/epoxy ply are defined as
E1 =132.3 GPa, E2= 10.75 GPa, Vip= 239, Glz‘; Gl3= 5.65
GPa, G,;=5.84 GPaand p=1.6 x 10° Kg/m>.

The free vibration frequencies as a function of angular
velocity for different combinations of pitch (8; =0.0 and 22.5
deg) and sweep (8; =0.0 and 22.5 deg) angle settings are pre-
sented in Figs. 5-8, where the frequencies are nondimensional-
ized to the fundamental free vibration frequency of the nonro-
tating plate. For the unswept (8;=0.0) plate with either
no-pitch (8; = 0.0; Fig. 5) or finite pitch (3; =22.5 deg; Fig. 6)
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Fig. 9 Mode shapes of isotropic plates.
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Fig. 10 Mode shapes of laminated composite plates.

setting, the behavior of the laminated composite plates is
similar to the isotropic plate. Changing the angle plies from
+45 to +22.5 significantly increases the bending stiffness,
thus, the bending (1B, 2B) natural frequencies are less effected
by the centrifugal forces. In addition, the ratio of the torsion
stiffness to bending. stiffness is reduced, which lowers the
nondimensionalized torsion (1T, 2T) natural frequencies.
When the spinning laminated composite plates are given
either a finite sweep (8; = 22.5 deg; Fig. 7) or a combined pitch
and sweep (8; =22.5 deg, 8, =22.5 deg; Fig. 8), their out-of-
plane bending (1B, 2B) frequencies resemble the general trends
of the isotropic plate. The vibration characteristics of the
torsion natural frequencies can be quite different. For exam-
ple, the first torsion (1T) frequency of both plates undergoes
a slight increase for the unpitched and swept setting (like the
isotropic plate), whereas this same frequency experiences a
decrease for the +45 deg angle ply (unlike the +22.5 deg
angle-ply plate or the isotropic plate) for the combined pitch
and sweep setting. The frequency reduction associated with

the second torsion (2T) mode generally agrees with the
isotropic plate for both pitch settings of the swept plate. The
percentage reduction is less for the laminated composite plates
and the angle ply of + 22.5 deg because of its large bending
stiffness.

The mode shapes of the nonrotating and rotating (2 = 4000
rpm) laminated composite plates are presented in Fig. 10. The
torsion modes of the spinning swept plate undergo complex
flexural and in-plane motions similar to the isotropic plate.
This coupled motion is not readily visible in the out-of-plane
bending modes.

Conclusions
An analytical model has been developed for determining the
free vibration characteristics of spinning laminated composite
plates. The model is sufficiently general to allow for any
combination of layered orthotropic plies, and the resulting
laminated plate can be arbitrarily oriented in space relative to
the spin axis. The model incorporates a first-order shear de-
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formation plate theory with geometric nonlinearities in the
form of the von Karman strains.

From the results obtained, it is noted that there is an in-
crease in the free vibration frequencies of a spinning plate with
an increase in angular velocity. This increase is present for all
modes of an unswept plate regardless of the pitch setting. For
plates with sweep, there is a significant reduction in the free
vibration frequency of the higher torsions modes with increas-
ing angular velocity. The percentage reduction in the fre-
quency ‘is lower for laminated composite plates than for
isotropic plates. For plates with combined pitch and sweep,

SPINNING SHEAR-DEFORMABLE COMPOSITE PLATES
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the vibration frequency associated with the fundamental tor-
sion mode may either increase or decrease depending on the
ply orientation. The mode shapes associated with the spinning
swept plate have coupling between the flexural and in-plane
motions that is more apparent in the torsion modes than in the
out-of-plane bending modes.

These results describe how a typical laminated composite
plate may perform. Obviously, different ply configurations
would change the frequency predictions and the mode shape
definitions. This model can be used as a basis for analysts
developing refined theories for the nonlinear dynamic or

aeroelastic behavior of spinning laminated composite plates.

Appendix A
The coefficients associated with dug, vy, dwg, 8¢, and &y, obtained in the expression for variation in the plate kinetic energy
[Eq. (17)] are the following:

Zug= L] — ug— ZQywo +2Q,v, + (Qi + Q)(he + x + up) — Q. Q(h, + wp) — 9,Q.(h, +y + v

+ Ll = e + 209, + (@ + QW ~ 00, ] (A1)
Zvg = L[ — vo— 2Qup + 2Qwp + (2 + D2)(h, +y + vp) — Q.Q, (h, + wo) — Q,Q, (B, + x + up)]

+ L[ =¥, = 2%, + (2 + Q)Y — Q0] (A2)
Zwo = L[ — wo — 2@, + 2Qu0 + (2 + B), + wo) — Q. (1, + ¥ + vo) — (L (A + X + )]

+ L( =209, +20,¥, — 0¥, — Q0 Y,) (A3)
Zy, = L[ — ug — 2Qwg + 20 + (B + QA + x + ug) — Q. Q (h, + wo) — Q,Q (A, + Y + V)]

+ L= + 299, + (@ + 2, — 2,Q9,] (A4)
Zy, = bl — vo— 2Quug + 29w + (B + Q2)(h, + ¥ + vo) — L0, (h; + wo) — 0, (h, + X + )]

+ Ll =¥, =209, + (@ + 9, — 0 Q4,] (AS)

where
n Pama
.hL,Ly= Y gz pm(1,2,2%) dz (A6)

m=1

pm is the mass density of the mth ply in the laminate.

Appendix B
The stiffness matrix [KF], the coriolis matrix [C], and the force vector {FF} associated with the centrifugal effects are given

as
K=} [NTTIKAN] d4 (B1)
JA
ICl= s INTTICIIN] dA (B2)
JA
(FFy =\ INTT{FF) dA (B3)
JA
where
~ I+ 9 L(©,9) 1,(Q:9,) -LO; + 0 L)
I](Qny) - II(Q,% + 9?) Il(Qszv) IZ(Q\QV) - 11(93 + Q%)
[kCF] = 11(9.\'92) [I(QAVQ:) - 11(93 + 93) IZ(Q.\‘Q;) IZ(Q'VQ:) (B4)
~ L@+ 9 LEQ9) 5H(Q,Q:) - L+ Q) L)
5(Q,Q,) - L+ QY L@.Q,) 5(9,Q,) — (02 + )
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0 —21Q, 20,9, 0 —25Q,
_ 21Q 0 =219, 259 0
[C1= L \ i (BS)
-209, 200, 0 -20LQ,  2LQ,
0 -200, 2059, 0 — 25,0,
250, 0 — 2050, 250, 0

LI + Q3)(hy + x) — 2.Qh, — (8, + ¥)]
L@ + Q)R + y) — Q,Qh, — Q,Q,(h, + x)]
F = | LI} + )Hh, — Q,Q:(hy + ») ~ ©Q (ke + X)) (B6)
LI + B)(hy + x) — Q. Qh, — Q0 (A + )]
LI + Q) (h, + y) - Q. Q0 ~ Q,Q,(h, + X)]

[N] are the standard Lagrangian shape functions, as described
in Ref. 22.
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